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Abstract 

In this research paper, we employ the semi-analytical method 

known as the Banach contraction method (BCM) to obtain an 

approximate solution for the telegraph equation. This method yields 

reliable results in the form of analytical approximations, making it 

a highly dependable alternative for finding analytical solutions to 

the telegraph equation. The behavior of the equation is evaluated 

through computer simulations using MATLAB code. 
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1. Introduction 

The telegraph equation was originaly introduced by Kirchhoff in 

1857, but it was first examined by Poincaré in 1893. The 

telegrapher's equation exhibits characteristics of both wave motion 

and diffusion. It has numerous important applications in industrial 

processes, particularly in the field of communication systems. 

Several methods have been employed to solve the telegraph 

equation, including the homotopy perturbation method (HPM) [1], 

the Daftardar-Gejji-Jafaris method (DGJ) [2], the Laplace transform 

(LT) [3], the q-homotopy analysis transform method (q-HATM) [4], 

and the reduced differential transform method (RDTM) [5]. In a 

previous study [6], Sehgal and Bharucha-Reid proposed a novel 

semi-analytical iterative method known as the Banach Contraction 

method (BCM). The BCM method, which builds upon the Picard 

method, has been successfully applied to solve a wide range of 

differential and integral equations [7,8]. In this investigation, we 

focus on the telegraph equation and its analysis using the BCM 

method. We consider the telegraph equation  

𝜕2𝑢

 𝜕𝑥2 = 𝑎
𝜕2𝑢

𝜕𝑡2 + 𝑏
𝜕𝑢

𝜕𝑡
+ 𝑐𝑢.                                                       (1) 

With the initial conditions  

𝑢(𝑥, 0) = 𝑓(𝑥), 𝑢𝑡(𝑥, 0) = 𝑔(𝑥).                                          (2) 

where 𝑎, 𝑏 𝑎𝑛𝑑 𝑐 denote positive constant, also 𝑓(𝑥) 𝑎𝑛𝑑 𝑔(𝑥) are 

known continues functions.  

In this paper, we will implement the BCM to find approximate 

solutions for telegraph equation. 

 

 

2. Banach contraction method  

 Definition 2.1 [9]: Let (𝑋, 𝑑) be a metric space, then a mapping 

𝑓: 𝑋 → 𝑋, 

(a) A point 𝑥 𝜖 𝑋is called a fixed point of 𝑓 if 𝑥 = 𝑓(𝑥). 
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(b) 𝑓 is called contraction if there exists a fixed constant 𝑘 < 1 such 

that 

𝑑(𝑓(𝑥), 𝑓(𝑦)) ≤ 𝑘𝑑(𝑥, 𝑦), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋. 

A contraction mapping is also known as Banach contraction. 

Theorem 2.2 (Bnach contraction principle) [10]: 

Let (𝑋, 𝑑) be a complete metric space and 𝑓: 𝑋 → 𝑋 be a contraction 

mapping. Then 𝑓 has a unique fixed point 𝑥0 and for each 𝑥 ∈ 𝑋, we 

have 

𝑓𝑛(𝑥) = 𝑥0 .                                                                           (3) 

Moreover, for each 𝑥 ∈ 𝑋, we have 

𝑑(𝑓𝑛(𝑥), 𝑥0)  ≤
𝑘𝑛

1 − 𝑘
𝑑(𝑓(𝑥), 𝑥). 

Theorem 2.3 [10]: 

Let 𝑓(𝑥, 𝑢) be a continuous function on [𝑎, 𝑏] × [𝑐, 𝑑] such that 𝑓 

is Lipschitz with respect to 𝑢, that is there exists 𝑘 > 0, such that 
|𝑓(𝑥, 𝑢) − 𝑓(𝑥, 𝑣)| ≤ 𝑘 |𝑢 − 𝑣|, for all 𝑢, 𝑣 ∈ [𝑐, 𝑑] and for 𝑥 ∈

[𝑎, 𝑏]. 
Banach contraction method 2.4: 

        Let us consider the general functional equation [9], 

𝑢 = 𝑁(𝑢) + 𝑓                                                                        (4) 

Where 𝑁(𝑢) is a nonlinear operator and 𝑓 is a known function.  

Define successive approximations as  

𝑢0 = 𝑓, 
𝑢1 = 𝑢0 + 𝑁(𝑢0), 
𝑢2 =  𝑢0 + 𝑁(𝑢1), 
𝑢3 = 𝑢0 + 𝑁(𝑢2), 

⋮ 
𝑢𝑛 = 𝑢0 + 𝑁(𝑢𝑛−1),        𝑛 = 1,2,3, … .                                 (5) 

If 𝑁𝑘 is contraction for operator some positive integer 𝑘, then 𝑁(𝑢) 

has a unique fixed point and hence the sequence defined by (5) is 
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convergent in view of theorem (2.2) and the solution of eq. (3) is 

given by 𝑢 = 𝑢𝑛.  
 

3. Application of the method to the telegraph equation  

             To solve the telegraph equation using the BCM method we 

first convert the equation into an integral equation. 

Initially we specify the conditions of the telegraph equation which're 

the given values of the variables at the starting point. These initial 

conditions are then utilized to transform the equation into an integral 

equation. 

A Volterra equation is an equation that establishes a relationship, 

between the desired function and the integral of the equation. By 

applying integration principles to the equation, we can convert it 

into an equation. This particular equation involves a function that 

needs to be determined. 

Subsequently we employ the BCM method to solve this resulting 

equation. The BCM method relies on iterations to estimate a value 

for our unknown function. We continue this iteration process until 

we obtain an approximation, for our desired solution. according to 

the initial condition we can converted to the Volterra integral 

equation 

𝑢(𝑥, 𝑡) = 𝑓(𝑥, 𝑡) + 𝑁(𝑢)                                                       (6) 

We start with the telegraph equation ( 1 ) 

 𝜕2𝑢

 𝜕𝑥2 = 𝑎
𝜕2𝑢

𝜕𝑡2 + 𝑏
𝜕𝑢

𝜕𝑡
+ 𝑐𝑢.                                                       (7) 

We obtain                  

𝑎
𝜕2𝑢

𝜕𝑡2
+ 𝑏

𝜕𝑢

𝜕𝑡
=  

𝜕2𝑢

 𝜕𝑥2
− 𝑐𝑢.                                                       (8) 

By integrating both sides from 0 to t and substitute for the initial 

conditions of the equation, we have 
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𝑎
𝜕𝑢

𝜕𝑡
= 𝑎𝑔(𝑥) + 𝑏𝑓(𝑥) − 𝑏𝑢 + ∫

𝑡

0
(

𝜕2𝑢

𝜕𝑥2 − 𝑐𝑢)𝑑𝑡.                 (9) 

Again, by integrating both sides from 0 to 𝑡, substitute for the initial 

conditions of the equation, reducing multiple integrals to a single 

integral and division by 𝑎 , it leads the following integral equation 

𝑢(𝑥, 𝑡) = 𝑓(𝑥) + (𝑔(𝑥) + 𝛼𝑓(𝑥))𝑡 + ∫
𝑡

0

1

𝑎
(𝑡 − 𝑠) (

𝜕2𝑢

𝜕𝑥2 − 𝑐𝑢) − 𝛼𝑢)𝑑𝑡.    (10) 

 Where 𝛼 =
𝑏

𝑎
 ,  

 

Let              𝐹(𝑥, 𝑡) = 𝑓(𝑥) + (𝑔(𝑥) + 𝛼𝑓(𝑥))𝑡 .                    (11) 

And       𝑁(𝑢) = ∫
𝑡

0
(

1

𝑎
(𝑡 − 𝑠) (

𝜕2𝑢

𝜕𝑥2 − 𝑐𝑢) − 𝛼𝑢)𝑑𝑡.            (12) 

Implementation of the BCM algorithm gives  

                   𝑢0(𝑥, 𝑡) = 𝐹(𝑥, 𝑡)   

                    𝑢1(𝑥, 𝑡) = 𝑢0(𝑥, 𝑡) + 𝑁(𝑢0) 

                   𝑢2(𝑥, 𝑡) =  𝑢0(𝑥, 𝑡) + 𝑁(𝑢1) 

                   :∶  
                  𝑢𝑛(𝑥, 𝑡) = 𝑢0(𝑥, 𝑡) + 𝑁(𝑢𝑛−1)                               (13)                                                 

The BCM admits the use of  

                  𝑢(𝑥, 𝑡) = 𝑢𝑛(𝑥, 𝑡)  

In other words, the functional (13) will give several approximations, 

and therefore the exact solution is obtained as the limit of the 

resulting successive approximations. 

 

4.  Numerical Examples 

To verify and validate the efficiency and reliability of the BCM 

method, we give several examples. These examples are chosen from 

[5,7] also graphs of comparison between exact and approximate 

solution. Now we began with the following examples. 
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Example 4.1    

       Consider the linear telegraph equation  

   
𝜕2𝑢

𝜕𝑥2 =
𝜕2𝑢

𝜕𝑡2 + 2
𝜕𝑢

𝜕𝑡
+ 𝑢 .                                                            (14) 

Subject to initial conditions 

𝑢(𝑥, 0) = 𝑒𝑥, 𝑢𝑡(𝑥, 0) = −2𝑒𝑥.                                                (15) 

Appling the BCM method to (14),we obtain the following  

𝑢(𝑥, 𝑡) = 𝑒𝑥 + ∫
𝑡

0
((𝑡 − 𝑠)(𝑢𝑥𝑥 − 𝑢) − 2𝑢) 𝑑𝑠,                   (16) 

Let 𝐹(𝑥, 𝑡) = 𝑒𝑥 𝑎𝑛𝑑 𝑁(𝑢) = ∫
𝑡

0
((𝑡 − 𝑠)(𝑢𝑥𝑥 − 𝑢) − 2𝑢)𝑑𝑠. 

𝑢0 =  𝑒𝑥  , 
𝑢1 = 𝑢0 + 𝑁(𝑢0), 

𝑢1 = 𝑒𝑥 + ∫
𝑡

0

((𝑡 − 𝑠)(𝑢0𝑥𝑥 − 𝑢0) − 2𝑢0)𝑑𝑠. 

𝑢1 =  𝑒𝑥 − 2 𝑡𝑒𝑥 . 

𝑢2 = 𝑒𝑥 + ∫
𝑡

0

((𝑡 − 𝑠)(𝑢1𝑥𝑥 − 𝑢1) − 2𝑢1)𝑑𝑠. 

𝑢2 =  𝑒𝑥 − 2 𝑡𝑒𝑥 +  
4

2
𝑡2𝑒𝑥. 

𝑢3 = 𝑒𝑥 + ∫
𝑡

0

((𝑡 − 𝑠)(𝑢2𝑥𝑥 − 𝑢2) − 2𝑢2)𝑑𝑠. 

𝑢3 =  𝑒𝑥 − 2 𝑡𝑒𝑥 + 
4

2
𝑡2𝑒𝑥 −

8

2 ∙ 3
𝑡3𝑒𝑥. 

𝑢4 = 𝑒𝑥 + ∫
𝑡

0

((𝑡 − 𝑠)(𝑢3𝑥𝑥 − 𝑢3) − 2𝑢3)𝑑𝑠. 

𝑢4 =  𝑒𝑥 − 2 𝑡𝑒𝑥 +  
4

2
𝑡2𝑒𝑥 −

8

2 ∙ 3
𝑡3𝑒𝑥 +

16

2 ∙ 3 ∙ 4
𝑡4𝑒𝑥. 

               ⋮  

        𝑢𝑛 =  𝑒𝑥 − 2 𝑡𝑒𝑥 + 
4

2!
𝑡2𝑒𝑥 −

8

3!
𝑡3𝑒𝑥 + ⋯ +

(−2𝑡)𝑛

𝑛!
𝑒𝑥.   (17)     

The BCM admits the use of  
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𝑢(𝑥, 𝑡) = 𝑢𝑛 , 

That gives the exact solution by 

   𝑢(𝑥, 𝑡) = 𝑒𝑥−2𝑡                                                                      (18) 

 
Figure 1: plot of u with respect to x at 0 and 2 where t=1. 

 

 

 

 
 

Figure 2: Depiction of solution u in the domain 𝑥 ∈ [0,2] and 𝑡 ∈ [0,1]. 
 

Example 4. 2    

      Consider the linear telegraph equation 
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𝑢𝑥𝑥 = 𝑢𝑡𝑡 + 4𝑢𝑡 +  4𝑢                                                              (19) 

With the boundary conditions 

 𝑢(0, 𝑡) = 1 + 𝑒−2𝑡, 𝑢𝑥(0, 𝑡) = 2.                                             (20) 

Where, the exact solution is 

𝑢(𝑥, 𝑡) = 𝑒−2𝑡 + 𝑒2𝑥                                                               (21) 

Integrate both sides of Eq. (19) twice from 0 to x and using the 

boundary conditions, we get 

𝑢(𝑥, 𝑡) = 1 + 2𝑥 + 𝑒−2𝑡 + ∫
𝑥

0 ∫
𝑥

0
(𝑢𝑡𝑡(𝑠, 𝑡) + 4𝑢𝑡(𝑠, 𝑡) +

                                                                                                  4𝑢(𝑠, 𝑡))𝑑𝑠𝑑𝑠.(22)     

By reducing the double integration to single, we have 

𝑢(𝑥, 𝑡) = 1 + 2𝑥 + 𝑒−2𝑡 + ∫
𝑥

0
(𝑥 − 𝑠)(𝑢𝑡𝑡(𝑠, 𝑡) + 4𝑢𝑡(𝑠, 𝑡) +

4𝑢(𝑠, 𝑡))𝑑𝑠                                                                                (23) 

  

And  

𝑁(𝑢) = ∫
𝑥

0
(𝑥 − 𝑠)(𝑢𝑡𝑡(𝑠, 𝑡) + 4𝑢𝑡(𝑠, 𝑡) + 4𝑢(𝑠, 𝑡))𝑑𝑠      (24) 

By implementing the BCM, we obtain the following 

𝑢0(𝑥, 𝑡) = 1 + 2𝑥 + 𝑒−2𝑡. 
𝑢1(𝑥, 𝑡) = 𝑢0 + 𝑁(𝑢0). 

𝑢1(𝑥, 𝑡) = 1 + 2𝑥 +
4𝑥2

2
+

8𝑥3

2
+

16𝑥4

4
+

32𝑥5

4
+ 𝑒−2𝑡 

𝑢2(𝑥, 𝑡) = 1 + 2𝑥 +
4𝑥2

2
+

8𝑥3

2
+

16𝑥4

4
+

32𝑥5

4
+

64𝑥6

8
+

128𝑥7

8
+

𝑒−2𝑡. 

⋮ 

𝑢𝑛(𝑥, 𝑡) = 𝑒−2𝑡 + 1 + 2𝑥 +
4𝑥2

2
+

8𝑥3

2
+

16𝑥4

4
+

32𝑥5

4
+

64𝑥6

8
+

128𝑥7

8
+ ⋯                                                                                              (25)   
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This close from 

𝑢(𝑥, 𝑡) = 𝑒−2𝑡 + 𝑒2𝑥                                                                 (26) 

Which is the exact solution. 

 

 
Figure 3: plot of u with respect to x at 0 and 1 where t=1 

 

 

 
Figure 4: Depiction of solution u in the domain 𝑥 ∈ [0,2] and 𝑡 ∈ [0,1]. 
 

Example 4.3     

     Consider the nonlinear telegraph equation 

 𝑢𝑥𝑥 + 𝑥2 + 𝑡 − 1 = 𝑢𝑡𝑡 + 𝑢𝑡 + 𝑢                                            (27) 
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With the initial condition 

𝑢(𝑥, 0) = 𝑥2, 𝑢𝑡(𝑥, 0) = 1.                                                       (28) 

Where, the exact solution is 

        𝑢(𝑥, 𝑡) = 𝑥2 + 𝑡.                                                               (29) 

Integrate both sides of Eq. (27) twice from 0 to t and using the initial 

conditions, we get 

𝑢(𝑥, 𝑡) = 𝑥2 (1 + 𝑡 +
𝑡2

2
) + 𝑡 −

𝑡2

2
+

𝑡3

3!
+ ∫

𝑡

0
((𝑡 − 𝑠)(𝑢𝑥𝑥 −

𝑢) − 𝑢)𝑑𝑠                                                                                  (30) 

Let   𝐹(𝑥, 𝑡) = 𝑥2 (1 + 𝑡 +
𝑡2

2
) + 𝑡 −

𝑡2

2
+

𝑡3

3!
 , 

And      𝑁(𝑢) = ∫
𝑡

0
((𝑡 − 𝑠)(𝑢𝑥𝑥 − 𝑢) − 𝑢)𝑑𝑠. 

𝑢0 =  𝑥2 (1 + 𝑡 +
𝑡2

2
) + 𝑡 −

𝑡2

2
+

𝑡3

3!
 , 

𝑢1 = 𝑢0 + 𝑁(𝑢0), 

𝑢1 = 𝑥2 (1 + 𝑡 +
𝑡2

2
) + 𝑡 −

𝑡2

2
+

𝑡3

3!

+ ∫
𝑡

0

((𝑡 − 𝑠)(𝑢0𝑥𝑥 − 𝑢0) − 𝑢0)𝑑𝑠. 

𝑢1 = (1 − 𝑡2 − 𝑡3 −
𝑡4

4
) 𝑥2 + 𝑡 −

𝑡2

2
+

7𝑡3

6
+ 

7𝑡4

12
−  

 𝑡5

12
 . 

𝑢2 = 𝑥2 (1 + 𝑡 +
𝑡2

2
) + 𝑡 −

𝑡2

2
+

𝑡3

3!

+ ∫
𝑡

0

((𝑡 − 𝑠)(𝑢1𝑥𝑥 − 𝑢1) − 𝑢1)𝑑𝑠. 
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𝑢2 =  (1 − 𝑡4 − 2𝑡5 −
3𝑡6

4
) 𝑥2 + 𝑡 −

𝑡2

2
+

𝑡3

6
+  

𝑡4

12
−  

 17𝑡5

6

+
37𝑡6

8
+

 𝑡7

24
. 

𝑢3 = 𝑥2 (1 + 𝑡 +
𝑡2

2
) + 𝑡 −

𝑡2

2
+

𝑡3

3!

+ ∫
𝑡

0

((𝑡 − 𝑠)(𝑢2𝑥𝑥 − 𝑢2) − 𝑢2)𝑑𝑠. 

                𝑢3 = t - (𝑡2𝑥2)/2 + (𝑡3𝑥2)/6 + (𝑡4𝑥2)/8 + (𝑡5𝑥2)/40 + 

(𝑡6𝑥2)/720 + 𝑥2(𝑡2/2 + t + 1) - t𝑥2- (5𝑡4)/24 - (3𝑡5)/40 - 𝑡6/240 + 

𝑡7/5040. 
               ⋮  

𝑢𝑛 =  𝑥2 (1 + 𝑡 +
𝑡2

2
) + (1 − 𝑡2 − 𝑡3 −

𝑡4

4
) 𝑥2 + (1 − 𝑡4 − 2𝑡5 −

3𝑡6

2
+

𝑡7

2
−

𝑡8

16
) 𝑥2 + 2𝑡 − 2

𝑡2

2
+ 2

𝑡3

3!
+  

𝑡4

12
+  

17 𝑡5

6
+ 

37𝑡6

8
+  

55𝑡7

24
+

 
5𝑡8

16
+  

𝑡9

48
+ ⋯.          

The BCM admits the use of  

𝑢(𝑥, 𝑡) = 𝑢𝑛 , 

That gives the exact solution by 

                             𝑢(𝑥, 𝑡) = 𝑥2 + 𝑡.                                                        
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Figure 5: plot of u with respect to x at 0 and 2 where t=1. 

 

 

  
 

Figure 6 : Depiction of solution u in the domain 𝑥 ∈ [0,2] and 𝑡 ∈ [0,2]. 
 

5. Conclusion 

In this work, we have applied BCM to solve telegraph equation. The 

BCM method applied in three examples whish solved in [5,7], we 

obtained good numerical results compared the author methods. In 

fact, the method seemed to be quite simple and stable, the method 

proves to be applicable and elegant for computer package program. 
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